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ON THE STANLEY-REISNER IDEAL OF AN EXPANDED
SIMPLICIAL COMPLEX
RAHIM RAHMATI-ASGHAR AND SOMAYEH MORADI
Abstract. Let ∆ be a simplicial complex. We study the expansions of ∆
mainly to see how the algebraic and combinatorial properties of ∆ and its
expansions are related to each other. It is shown that ∆ is Cohen-Macaulay,
sequentially Cohen-Macaulay, Buchsbaum or k-decomposable, if and only if
an arbitrary expansion of ∆ has the same property. Moreover, some homolog-
ical invariants like the regularity and the projective dimension of the Stanley-
Reisner ideals of ∆ and those of their expansions are compared.
Introduction
Let S = K[x1, . . . , xn] be a polynomial ring over a field K. Any squarefree
monomial ideal I in S can be considered both as the Stanley-Reisner ideal of a
simplicial complex ∆I = {{x1, . . . , xn} : x1 · · ·xn /∈ I} and as a facet ideal of the
simplicial complex ∆′ = 〈F : xF is a minimal generator of I〉. Each of these con-
siderations make a natural one-to-one correspondence between the class of square-
free monomial ideals in S and the class of simplicial complexes on {x1, . . . , xn}.
Thus simplicial complexes play an important role in the study monomial ideals.
In this regard classifying simplicial complexes with a desired property or making
modifications to a structure like a graph or a simplicial complex so that it satisfies
a special property, has been considered in many research papers, see for example
[1, 5, 6, 7, 9, 10, 14, 20].
The notion of expansion of a simplicial complex was defined in [14] as a natural
generalization of the concept of expansion in graph theory and some properties of
a simplicial complex and its expansions were related to each other. Our goal in this
paper is to investigate more relations between algebraic properties of the Stanley-
Reisner ideal of a simplicial complex and those of its expansions, which generalize
the results proved in [14]. It turns out that many algebraic and combinatorial
properties of a simplicial complex and its expansions are equivalent and so this
construction is a very good tool to make new simplicial complexes with a desired
property.
The paper is organized as follows. In the first section, we review some prelimi-
naries which are needed in the sequel. In Section 2, we study the Stanley-Reisner
ideal of an expanded complex. One of the main results is the following theorem.
Theorem 1. (Theorem 2.4) Let ∆ be a simplicial complex and α ∈ Nn. Then ∆
is Cohen-Macaulay if and only if ∆α is Cohen-Macaulay.
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As a corollary, it is shown that sequentially Cohen-Macaulayness of a simplicial
complex and its expansion are also equivalent.
Moreover, using an epimorphism which relates the reduced simplicial homology
groups, we show that an expansion of ∆ is Buchsbaum if and only if ∆ has the same
property (see Theorem 2.5). Theorem 2.13 (resp. Corollary 2.15) shows that ∆ is
k-decomposable (resp. shellable) if and only if an arbitrary expansion of ∆ is k-
decomposable (resp. shellable). Section 3 is devoted to studying some homological
invariants of the Stanley-Reisner ideals of ∆ and ∆α. In fact, we give inequalities
which relate the regularity, the projective dimension and the depth of a simplicial
complex to those of its expansion.
1. Preliminaries
Throughout this paper, we assume that ∆ is a simplicial complex on the vertex
set X = {x1, . . . , xn}, K is a field and S = K[X ] is a polynomial ring. The set
of facets (maximal faces) of ∆ is denoted by F(∆) and if F(∆) = {F1, . . . , Fr},
we write ∆ = 〈F1, . . . , Fr〉. For a monomial ideal I of S, the set of minimal
generators of I is denoted by G(I). For α = (s1, . . . , sn) ∈ Nn, we set Xα =
{x11, . . . , x1s1 , . . . , xn1, . . . , xnsn} and S
α = K[Xα].
The concept of expansion of a simplicial complex was defined in [14] as follows.
Definition 1.1. Let ∆ be a simplicial complex on X , α = (s1, . . . , sn) ∈ Nn and
F = {xi1 , . . . , xir} be a facet of ∆. The expansion of the simplex 〈F 〉 with respect
to α is denoted by 〈F 〉α and is defined as a simplicial complex on the vertex set
{xiltl : 1 ≤ l ≤ r, 1 ≤ tl ≤ sil} with facets
{{xi1j1 , . . . , xirjr} : 1 ≤ jm ≤ sim}.
The expansion of ∆ with respect to α is defined as
∆α =
⋃
F∈∆
〈F 〉α.
A simplicial complex obtained by an expansion, is called an expanded complex.
Definition 1.2. A simplicial complex ∆ is called shellable if there exists an
ordering F1 < · · · < Fm on the facets of ∆ such that for any i < j, there exists a
vertex v ∈ Fj \ Fi and ℓ < j with Fj \ Fℓ = {v}. We call F1, . . . , Fm a shelling for
∆.
For a simplicial complex ∆ and F ∈ ∆, the link of F in ∆ is defined as
link∆(F ) = {G ∈ ∆ : G ∩ F = ∅, G ∪ F ∈ ∆},
and the deletion of F is the simplicial complex
∆ \ F = {G ∈ ∆ : F * G}.
Woodroofe in [20] extended the definition of k-decomposability to non-pure com-
plexes as follows.
Let ∆ be a simplicial complex on vertex set X . Then a face σ is called a
shedding face if every face τ containing σ satisfies the following exchange property:
for every v ∈ σ there is w ∈ X \ τ such that (τ ∪ {w}) \ {v} is a face of ∆.
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Definition 1.3. [20, Definition 3.5] A simplicial complex ∆ is recursively defined
to be k-decomposable if either ∆ is a simplex or else has a shedding face σ with
dim(σ) ≤ k such that both ∆\σ and link∆(σ) are k-decomposable. The complexes
{} and {∅} are considered to be k-decomposable for all k ≥ −1.
Note that 0-decomposable simplicial complexes are precisely vertex decompos-
able simplicial complexes.
Also the notion of a decomposable monomial ideal was introduced in [17] as
follows. For the monomial u = xa11 · · ·x
an
n in S, the support of u denoted by
supp(u) is the set {xi : ai 6= 0}. For a monomial M in S, set [u,M ] = 1 if for all
xi ∈ supp(u), x
ai
i ∤M . Otherwise set [u,M ] 6= 1.
For the monomial u and the monomial ideal I, set
Iu = (M ∈ G(I) : [u,M ] 6= 1)
and
Iu = (M ∈ G(I) : [u,M ] = 1).
For a monomial ideal I with G(I) = {M1, . . . ,Mr}, the monomial u = x
a1
1 · · ·x
an
n
is called a shedding monomial for I if Iu 6= 0 and for each Mi ∈ G(Iu) and each
xl ∈ supp(u) there exists Mj ∈ G(I
u) such that Mj :Mi = xl.
Definition 1.4. [17, Definition 2.3] A monomial ideal I with G(I) = {M1, . . . ,Mr}
is called k-decomposable if r = 1 or else has a shedding monomial u with
|supp(u)| ≤ k + 1 such that the ideals Iu and Iu are k-decomposable.
Definition 1.5. A monomial ideal I in the ring S has linear quotients if there
exists an ordering f1, . . . , fm on the minimal generators of I such that the colon
ideal (f1, . . . , fi−1) : (fi) is generated by a subset of {x1, . . . , xn} for all 2 ≤ i ≤ m.
We show this ordering by f1 < · · · < fm and we call it an order of linear quotients
on G(I).
Let I be a monomial ideal which has linear quotients and f1 < · · · < fm be
an order of linear quotients on the minimal generators of I. For any 1 ≤ i ≤ m,
setI(fi) is defined as
setI(fi) = {xk : xk ∈ (f1, . . . , fi−1) : (fi)}.
Definition 1.6. A graded S-moduleM is called sequentially Cohen–Macaulay
(over a field K) if there exists a finite filtration of graded S-modules
0 = M0 ⊂M1 ⊂ · · · ⊂Mr = M
such that each Mi/Mi−1 is Cohen–Macaulay and
dim(M1/M0) < dim(M2/M1) < · · · < dim(Mr/Mr−1).
For a Z-graded S-moduleM , theCastelnuovo-Mumford regularity (or briefly
regularity) of M is defined as
reg(M) = max{j − i : βi,j(M) 6= 0},
and the projective dimension of M is defined as
pd(M) = max{i : βi,j(M) 6= 0 for some j},
where βi,j(M) is the (i, j)th graded Betti number of M .
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For a simplicial complex ∆ with the vertex set X , the Alexander dual sim-
plicial complex associated to ∆ is defined as
∆∨ =: {X \ F : F /∈ ∆}.
For a squarefree monomial ideal I = (x11 · · ·x1n1 , . . . , xt1 · · ·xtnt), the Alexan-
der dual ideal of I, denoted by I∨, is defined as
I∨ := (x11, . . . , x1n1) ∩ · · · ∩ (xt1, . . . , xtnt).
For a subset C ⊆ X , by xC we mean the monomial
∏
x∈C x. One can see that
(I∆)
∨ = (xF
c
: F ∈ F(∆)),
where I∆ is the Stanley-Reisner ideal associated to ∆ and F
c = X \ F . Moreover,
(I∆)
∨ = I∆∨ .
A simplicial complex ∆ is called Cohen-Macaulay (resp. sequentially Cohen-
Macaulay, Buchsbaum and Gorenstein), if its the Stanley Reisner ring K[∆] =
S/I∆ is Cohen-Macaulay (resp. sequentially Cohen-Macaulay, Buchsbaum and
Gorenstein).
For a simplicial complex ∆, the facet ideal of ∆ is defined as I(∆) = (xF : F ∈
F(∆)). Also the complement of ∆ is the simplicial complex ∆c = 〈F c : F ∈ F(∆)〉.
In fact I(∆c) = I∆∨ .
2. Algebraic properties of an expanded complex
In this section, for a simplicial complex ∆, we study the Stanley-Reisner ideal
I∆α to see how its algebraic properties are related to those of I∆.
Proposition 2.1. Let ∆ be a simplicial complex on X and let α ∈ Nn.
(i) dim(∆α) = dim(∆) and ∆ is pure if and only if ∆α is pure;
(ii) For F ∈ ∆ and for every facet G ∈ 〈F 〉α, we have
link∆α(G) = (link∆(F ))
α;
(iii) For all i ≤ dim(∆), there exists an epimorphism θ : H˜i(∆α;K) → H˜i(∆;K)
and so
H˜i(∆
α;K)
ker(θ)
∼= H˜i(∆;K).
Proof. (i) and (ii) are easily verified.
(iii) Let the map ϕ : ∆α → ∆ be defined by ϕ({xi1j1 , . . . , xiqjq}) = {xi1 , . . . , xiq}.
For each q, let ϕ# : C˜q(∆α;K) → C˜q(∆;K) be a homomorphism defined on the
basis elements as follows.
ϕ#([xi0j0 , . . . , xiqjq ]) =
[
ϕ({xi0j0}), . . . , ϕ({xiqjq})
]
.
It is clear from the definitions of C˜q(∆α;K) and C˜q(∆;K) that ϕ# is well-defined.
Also, define ϕαq : H˜q(∆
α;K)→ H˜q(∆;K) by
ϕαq (z +Bq(∆
α)) = ϕ#(z) +Bq(∆).
Consider the diagram
C˜q+1(∆α;K)
∂αq+1
−→ C˜q(∆α;K)
↓ ↓
C˜q+1(∆;K)
∂q+1
−→ C˜q(∆;K)
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where ∂αq+1 and ∂q+1 are the homomorphism of the chain complexes of ∆
α and
∆, respectively and the vertical homomorphisms are ϕαq+1 and ϕ
α
q . One can see
that for any basis element σ = [xi0j0 , . . . , xiq+1jq+1 ] ∈ C˜q+1(∆
α;K), ϕαq ∂
α
q+1(σ) =
∂q+1ϕ
α
q+1(σ). So the diagram commutes and then
ϕαq (Bq(∆
α)) ⊆ Bq(∆).
Therefore ϕαq is a well-defined homomorphism.
It is easy to see that ϕαq is surjective, because for [xi0 , . . . , xiq ] + Bq(∆) ∈
H˜q(∆;K) we have
ϕαq ([xi01, . . . , xiq1] +Bq(∆
α)) = [xi0 , . . . , xiq ] +Bq(∆).

Reisner gave a criterion for the Cohen-Macaulayness of a simplicial complex as
follows.
Theorem 2.2. [19, Theorem 5.3.5] Let ∆ be a simplicial complex. If K is a field,
then the following conditions are equivalent:
(i) ∆ is Cohen-Macaulay over K;
(ii) H˜i(link∆(F );K) = 0 for F ∈ ∆ and i < dim(link∆(F )).
For a simplicial complex ∆ with the vertex set X and xi ∈ X , an expansion of
∆ obtained by duplicating xi is the simplicial complex with the vertex set X
′ =
X ∪ {x′i}, where x
′
i is a new vertex, defined as follows
∆′ = ∆ ∪ 〈(F \ {xi}) ∪ {x
′
i} : F ∈ F(∆), xi ∈ F 〉.
In fact ∆′ = ∆(s1,...,sn), where sj =
{
1 if j 6= i
2 if j = i.
Remark 2.3. Let L be a property such that for any simplicial complex ∆ with
the property L, any expansion of ∆ obtained by duplicating a vertex of ∆ has the
property L. Then by induction for a simplicial complex ∆ with the property L any
expansion of ∆ has the property L, since for any (s1, . . . , sn) ∈ Nn, ∆(s1,...,sn) is
the expansion of ∆(s1,...,si−1,si−1,si+1,...,sn) by duplicating xi1.
Now, we come to one of the main results of this paper.
Theorem 2.4. Let ∆ be a simplicial complex and α ∈ Nn. Then ∆ is Cohen-
Macaulay if and only if ∆α is Cohen-Macaulay.
Proof. The ’if’ part follows from Proposition 2.1 and Theorem 2.2. To prove the
converse, let ∆ be Cohen-Macaulay. In the light of Remark 2.3, it is enough to show
that any expansion of ∆ obtained by duplication an arbitrary vertex, is Cohen-
Macaulay. Let X be the vertex set of ∆, xi ∈ X and ∆′ be an expansion of ∆ by
duplicating xi. Then ∆
′ = ∆ ∪ 〈(F \ {xi}) ∪ {x′i} : F ∈ F(∆), xi ∈ F 〉 and
(1)
I∆′∨ = (x
(X∪{x′i})\F : F ∈ F(∆′)) = (x′ix
X\F : F ∈ F(∆))+(x(X∪{x
′
i})\(F∪{x
′
i}\{xi}) :
F ∈ F(∆), xi ∈ F ) = (x
′
ix
X\F : F ∈ F(∆)) + (xix
X\F : F ∈ F(∆), xi ∈ F ).
Thus
I∆′∨ = x
′
iI∆∨ + xiI(link∆(xi))∨ .
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Since ∆ is Cohen-Macaulay, by [19, Proposition 5.3.8], link∆(xi) is also Cohen-
Macaulay. So [5, Theorem 3] implies that I∆∨ and I(link∆(xi))∨ have (n − d − 1)-
linear resolutions, where d = dim(∆). Therefore x′iI∆∨ and xiI(link∆(xi))∨ have
(n− d)-linear resolutions. Note that G(I∆′∨) is the disjoint union of G(x′iI∆∨) and
G(xiI(link∆(xi))∨). Now by [8, Corollary 2.4], I∆′∨ = x
′
iI∆∨ + xiI(link∆(xi))∨ is a
Betti splitting and hence by [8, Corollary 2.2],
reg(I∆′∨) = max{reg(x
′
iI∆∨), reg(xiI(link∆(xi))∨), reg(x
′
iI∆∨ ∩ xiI(link∆(xi))∨)− 1}.
As discussed above, reg(x′iI∆∨) = reg(xiI(link∆(xi))∨) = n − d. Note that x
′
iI∆∨ ∩
xiI(link∆(xi))∨ = (x
′
ix
X\F : F ∈ F(∆)) ∩ (xixX\F : F ∈ F(∆), xi ∈ F ) =
x′ixiI(link∆(xi))∨ . So reg(x
′
iI∆∨ ∩xiI(link∆(xi))∨) = reg(I(link∆(xi))∨)+2 = n−d−1+
2 = n− d+ 1. Thus reg(I∆′∨) = n− d. Since I∆′∨ is homogenous of degree n− d,
this implies that I∆′∨ has a (n− d)-linear resolution (see for example [13, Lemma
5.55]). Thus using again [5, Theorem 3] implies that ∆′ is Cohen-Macaulay. 
The following theorem compares Buchsbaumness in a simplicial complex and its
expansion.
Theorem 2.5. Let ∆ be a simplicial complex on X and let α ∈ Nn. Then ∆ is
Buchsbaum if and only if ∆α is.
Proof. The “if” part follows from Proposition 2.1 and [18, Theorem 8.1]. Let ∆ be
Buchsbaum. In the light of Remark 2.3, it is enough to show that any expansion
of ∆ obtained by duplication an arbitrary vertex, is Buchsbaum. Let ∆′ be the
expansion of ∆ obtained by duplicating the vertex xi. By [2, Theorem 4.5], a
simplicial complex ∆ is Buchsbaum if and only if ∆ is pure and for any vertex
x ∈ X , link∆(x) is Cohen-Macaulay. We use this fact to prove the assertion.
Since link∆′(xi) = link∆′(x
′
i) = link∆(xi), it follows from Buchsbaum-ness of ∆
that link∆′(xi) and link∆′(x
′
i) are Cohen-Macaulay. Now suppose that xj ∈ X
′ =
X ∪ {x′i} with xj 6= xi and xj 6= x
′
i. Then link∆′(xj) is the expansion of link∆(xj)
obtained by duplication of xi. Since link∆(xj) is Cohen-Macaulay it follows from
Theorem 2.4 that link∆′(xj) is Cohen-Macaulay. Therefore the assertion holds. 
Now, we study the sequentially Cohen-Macaulay property in an expanded com-
plex. For a simplicial complex ∆ and a subcomplex Γ of ∆, ∆/Γ = {F ∈ ∆ : F /∈
Γ} is called a relative simplicial complex.
Lemma 2.6. Let ∆ be a (d − 1)-dimensional simplicial complex, α ∈ Nn and ∆i
be the subcomplex of ∆ generated by the i-dimensional facets of ∆. Set
Ωi = ∆i/(∆i ∩ (∪j>i∆j)).
Then for all 0 ≤ i ≤ d− 1, Ωαi = ∆
α
i /(∆
α
i ∩ (∪j>i∆
α
i )).
Proof. The assertion follows from the fact that if Γ1 and Γ2 are two simplicial
complexes on X and α ∈ Nn then
(Γ1 ∪ Γ2)
α = Γα1 ∪ Γ
α
2 , (Γ1 ∩ Γ2)
α = Γα1 ∩ Γ
α
2 .

Theorem 2.7. ([18, Proposition 2.10]) Let ∆ be a (d − 1)-dimensional simplicial
complex on X. Then ∆ is sequentially Cohen-Macaulay if and only if the relative
simplicial complexes Ωi (defined in Lemma 2.6) are Cohen-Macaulay for 0 ≤ i ≤
d− 1.
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Corollary 2.8. Let ∆ be a simplicial complex and let α ∈ Nn. Then ∆ is sequen-
tially Cohen-Macaulay if and only if ∆α is sequentially Cohen-Macaulay.
Proof. Combining Theorem 2.7 and Lemma 2.6 with Theorem 2.4 we obtain the
assertion. 
For F ∈ ∆, set star(F ) = {G ∈ ∆ : F ∪ G ∈ ∆}. Let Γ∆ be the induced
subcomplex of ∆ on the set core(X) where core(X) = {xi ∈ X : star({xi}) 6= ∆}.
A combinatorial description of Gorenstein simplicial complexes was given in [18]. It
was proved that the simplicial complex ∆ is Gorenstein over a field K if and only if
for all F ∈ Γ∆, H˜i(linkΓ∆(F );K) ∼= K if i = dim(linkΓ∆(F )) and H˜i(linkΓ∆(F );K)
is vanished if i < (linkΓ∆(F )) (see Theorem 5.1 of [18]).
For a face F ∈ ∆α, we set F¯ = {xi : xij ∈ F for some j}.
Lemma 2.9. Let ∆ be a simplicial complex with ∆ = Γ∆ and let α ∈ Nn. Then
Γ∆α = (Γ∆)
α.
Proof. Let F be a facet of Γ∆α . Then F ∈ ∆α and F ⊂ core(Xα). It is clear that
F¯ ∈ ∆ = Γ∆. So F ∈ (Γ∆)α.
Conversely, suppose that F ∈ (Γ∆)
α. Then F ∈ Gα for some G ∈ Γ∆. Hence
G ∈ ∆ and G ⊂ core(X). This implies that for every xi ∈ G, star({xi}) 6= ∆. Thus
for every xi ∈ G and all 1 ≤ j ≤ ki, star({xij}) 6= ∆α. Therefore F ⊂ core(Xα).
Finally, it follows from F ∈ ∆α that F ∈ Γ∆α . 
Theorem 2.10. Let ∆ be a simplicial complex with ∆ = Γ∆ and let α ∈ Nn. If
∆α is Gorenstein then ∆ is Gorenstein, too.
Proof. The assertion follows from Lemma 2.9, Proposition 2.1 and [18, Theorem
5.1]. 
Remark 2.11. The converse of Theorem 2.10 does not hold in general. To see
this fact we first recall a result from [4] which implies the necessary and sufficient
conditions for a simplicial complex to be Gorenstein.
By [4, Theorem 5.6.2] for a simplicial complex ∆ with ∆ = Γ∆, ∆ is Gorenstein
over a field K if and only if ∆ is an Euler complex which is Cohen-Macaulay over
K. Recall that the simplicial complex ∆ of dimension d is an Euler complex
if ∆ is pure and χ˜(link∆(F )) = (−1)dim link∆(F ) for all F ∈ ∆ where χ˜(∆) =∑d−1
i=0 (−1)
ifi(∆)− 1.
Now, consider the simplicial complex ∆ = 〈x1x2, x1x3, x2x3〉 on {x1, x2, x3} and
let α = (2, 1, 1). Then ∆ = Γ∆ and ∆
α = Γ∆α . It is easy to check that ∆ is
Euler. Also, ∆ is Cohen-Macaulay and so it is Gorenstein. On the other hand,
χ˜(link∆α({x2})) = 2 6= 1 = (−1)dim link∆
α ({x2}). It follows that ∆α is not Euler
and so it is not Gorenstein.
The following theorem was proved in [17].
Theorem 2.12. [17, Theorem 2.10] A simplicial complex ∆ is k-decomposable if
and only if I∆∨ is a k-decomposable ideal, where k ≤ dim(∆).
We use the above theorem to prove the following result, which generalizes [14,
Theorem 2.7].
Theorem 2.13. Let ∆ be a simplicial complex and α ∈ Nn. The ∆ is k-decomposable
if and only if ∆α is k-decomposable.
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Proof. “Only if part”: Considering Remark 2.3, it is enough to show that an ex-
pansion of ∆ obtained by duplicating one vertex, is k-decomposable. Let X be the
vertex set of ∆, xi ∈ X and ∆′ be an expansion of ∆ by duplicating xi. Then
∆′ = ∆ ∪ 〈(F \ {xi}) ∪ {x′i} : F ∈ F(∆), xi ∈ F 〉. As was shown in the proof of
Theorem 2.4,
I∆′∨ = x
′
iI∆∨ + xiI(link∆(xi))∨ .
It is easy to see that (I∆′∨ )x′
i
= xiI(link∆(xi))∨ and (I∆′∨ )
x′i = x′iI∆∨ . Now, let ∆
be k-decomposable. Then by [20, Proposition 3.7], link∆(xi) is k-decomposable.
Thus [17, Theorem 2.10, Lemma 2.6] imply that x′iI∆∨ and xiI(link∆(xi))∨ are k-
decomposable ideals. Also for any minimal generator xix
X\F ∈ (I∆′∨)x′
i
, we have
(x′ix
X\F : xix
X\F ) = (x′i). Thus x
′
i is a shedding face of ∆
′. Clearly dim(x′i) ≤ k.
Thus I∆′∨ is a k-decomposable ideal. So using again [17, Theorem 2.10] yields that
∆′ is k-decomposable.
“If part”: Let ∆′ be an expansion of ∆ obtained by duplicating one vertex xi.
We first show that if ∆′ is k-decomposable then ∆ is k-decomposable, too.
If F(∆) = {F} then the expansion of ∆ obtained by duplicating one vertex xi is
∆′ = 〈xi, x′i〉 ∗ 〈F\xi〉 and so it is k-decomposable,by Proposition 3.8 of [20]. Hence
suppose that ∆ has more than one facet. Let σ be a shedding face of ∆′ and let
link∆′σ and ∆
′\σ are k-decomposable. We have two cases:
Case 1. Let x′i ∈ σ. Then ∆ = ∆
′\σ and so ∆ is k-decomposble. Similarly, if
xi ∈ σ then ∆
′\σ and ∆ are isomorphic and we are done.
Case 2. Let xi 6∈ σ and x′i 6∈ σ. Then link∆′σ and ∆
′\σ are, respectively, the
expansions of link∆σ and ∆\σ obtained by duplicating xi. Therefore it follows
from induction that link∆σ and ∆\σ are k-decomposable. Also, it is trivial that σ
is a shedding face of ∆.
Now suppose that α = (k1, . . . , kn) ∈ Nn and ∆α is k-decomposable. Let ki > 1
an set β = (k1, . . . , ki−1, ki − 1, ki+1, . . . , kn). Then ∆α is the expansion of ∆β and
by above assertion, if ∆α is k-decomposable then ∆β is k-decomposable, too. In
particular, it follows by induction that ∆ is k-decomposable, as desired. 
The following theorem which was proved in [20], relates the shellability of a
simplicial complex to d-decomposability of it.
Theorem 2.14. [20, Theorem 3.6] A d-dimensional simplicial complex ∆ is shellable
if and only if it is d-decomposable.
Using Theorems 2.13 and 2.14, we get the following corollaries.
Corollary 2.15. Let ∆ be a simplicial complex and α ∈ Nn. Then ∆ is shellable
if and only if ∆α is shellable.
Corollary 2.16. Let ∆ be a simplicial complex and α ∈ Nn. Then I∆ is clean if
and only if I∆α is clean.
3. Homological invariants of the Stanley-Reisner ideal of an
expanded complex
In this section, we compare the regularity, the projective dimension and the
depth of the Stanley-Reisner rings of a simplicial complex and its expansions. The
following theorem, gives an upper bound for the regularity of the Stanley-Reisner
ideal of an expanded complex in terms of reg(I∆).
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Theorem 3.1. Let ∆ be a simplicial complex and α = (s1, . . . , sn) ∈ Nn. Then
reg(I∆α) ≤ reg(I∆) + r, where r = |{i : si > 1}|.
Proof. It is enough to show that for any 1 ≤ i ≤ n,
(2) reg(I∆(1,...,1,si,1,...,1)) ≤ reg(I∆) + 1.
Then from the equality ∆(s1,...,sn) = (∆(s1,...,sn−1,1))(1,...,1,sn), we have
reg(I∆(s1,...,sn)) ≤ reg(I∆(s1,...,sn−1,1)) + 1,
and one can get the result by induction on n.
To prove (2), we proceed by induction on si. First we show that the inequality
reg(I∆′) ≤ reg(I∆) + 1 holds for any expansion of ∆ obtained by duplicating a
vertex. Let X be the vertex set of ∆, xi ∈ X and ∆
′ be an expansion of ∆ by
duplicating xi on the vertex set X
′ = X ∪{x′i}. Then ∆
′ = ∆∪〈(F \ {xi})∪{x′i} :
F ∈ F(∆), xi ∈ F 〉. For a subset Y ⊆ X , let PY = (xi : xi ∈ Y ). By [19,
Proposition 5.3.10],
I∆′ =
⋂
F∈F(∆′)
PX′\F =
⋂
F∈F(∆)
(PX\F + (x
′
i))
⋂
(
⋂
F∈F(∆),xi∈F
PX′\((F\{xi})∪{x′i})) =
((x′i) +
⋂
F∈F(∆)
PX\F )
⋂
((xi) +
⋂
F∈F(∆),xi∈F
PX\F ).
So
(3) I∆′ = (xix
′
i) + I∆ + x
′
iIlink∆(xi).
Let S′ = S[x′i] and consider the following short exact sequence of graded modules
0 −→ S′/(I∆′ : x
′
i)(−1) −→ S
′/I∆′ −→ S
′/(I∆′ , x
′
i) −→ 0.
By equation (3), one can see that (I∆′ , x
′
i) = (I∆, x
′
i) and (I∆′ : x
′
i) = (Ilink∆(xi), xi).
So we have the exact sequence
0 −→ (S′/(xi, Ilink∆(xi)))(−1) −→ S
′/I∆′ −→ S
′/(x′i, I∆) −→ 0.
Thus by [16, Lemma 3.12, Lemma 3.5],
(4) reg(S′/I∆′) ≤ max{reg(S/Ilink∆(xi)) + 1, reg(S/I∆)}.
By [11, Lemma 2.5], reg(S/Ilink∆(xi)) ≤ reg(S/I∆). So reg(S
′/I∆′) ≤ reg(S/I∆)+1
or equivalently reg(I∆′) ≤ reg(I∆) + 1. Note that ∆(1,...,1,si,1,...,1) is obtained from
∆(1,...,1,si−1,1,...,1) by duplicating xi. Thus by (4),
reg(I∆(1,...,1,si,1,...,1)) ≤ max{reg(Ilink
∆(1,...,1,si−1,1,...,1)
(xi))+1, reg(I∆(1,...,1,si−1,1,...,1))}.
But link∆(1,...,1,si−1,1,...,1)(xi) = link∆(xi). Also by induction hypothesis reg(I∆(1,...,1,si−1,1,...,1)) ≤
reg(I∆) + 1. Again using [11, Lemma 2.5], we get the result. 
The next result which generalizes [14, Theorem 3.1] explains pd(Sα/I∆α) in
terms of pd(S/I∆) for a sequentially Cohen-Macaulay simplicial complex.
Theorem 3.2. Let ∆ be a sequentially Cohen-Macaulay simplicial complex on X
and α = (s1, . . . , sn). Then
pd(Sα/I∆α) = pd(S/I∆) + s1 + · · ·+ sn − n
and
depth(Sα/I∆α) = depth(S/I∆).
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Proof. By Corollary 2.8, ∆α is sequentially Cohen-Macaulay too. Thus by [16,
Corollary 3.33],
pd(Sα/I∆α) = bight(I∆α)
and
pd(S/I∆) = bight(I∆).
Let t = min{|F | : F ∈ F(∆)}. Then min{|F | : F ∈ F(∆α)} = t, bight(I∆) = n−t
and
bight(I∆α) = |X
α| − t = s1 + · · ·+ sn − t = s1 + · · ·+ sn + pd(S/I∆)− n.
The second equality holds by Auslander-Buchsbaum formula. Note that depth(Sα) =
s1 + · · ·+ sn. 
Let m and n be, respectively, the maximal ideals of S and Sα.
Theorem 3.3. (Hochster [12]) Let Zn− = {a ∈ Z
n : ai ≤ 0 for i = 1, . . . , n}. Then
dimHi
m
(K[∆])a =
{
dim H˜i−|F |−1(link∆(F );K), if a ∈ Zn−, where F = supp(a)
0, if a 6∈ Zn−.
Theorem 3.4. Let ∆ be a simplicial complex on X and α = (s1, . . . , sn). Then
depth(K[∆α]) ≤ depth(K[∆]). It follows that pd(Sα/I∆α) ≥ pd(S/I∆)+s1+ · · ·+
sn − n.
Proof. Set s =
∑
i si. For a ∈ Z
k, set s0 = 0 and for 1 ≤ i ≤ n set a¯(i) =∑si
j=si−1+1
a(j). Let a ∈ Zs− and F = supp(a). It follows from Theorem 3.3 that
dimHi
n
(K[∆α])a = dim H˜i−|F |−1(link∆α(F );K).
On the other hand by [3, Theorem 6.2.7] depth(K[∆]) is the least integer i such
that Hi
m
(K[∆]) 6= 0. Now, if depth(K[∆α]) = d, then H˜d−|F |−1(link∆α(F );K) 6= 0
and H˜i−|F |−1(link∆α(F );K) 6= 0 for any i < d. By Proposition 2.1, one can see
that dim H˜i−|F¯ |−1(link∆(F¯ );K) = dimH
i
m
(K[∆])a¯ = 0 for any i < d. This obtains
the assertion.
The second inequality holds by Auslander-Buchsbaum formula. 
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